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Abstract. In the context of extended theories of teleparallel gravity f(T ) we derive the
focusing conditions for a one-parameter dependent congruence of timelike auto-parallels of
the Levi-Civita connection. We also consider the f(T ) field equations for a general metric
tensor before moving on to consider a spatially flat Robertson-Walker space-time. Following
this, we study the expansion rate for a one-parameter dependent congruence of timelike
auto-parallel curves of the Levi-Civita connection. Given the fact that test particles follow
auto-parallels of the Levi-Civita connection, the torsion-free Raychaudhuri equation is used
in order to determine the desired focusing conditions. Finally we study the obtained focusing
conditions for three f(T ) paradigmatic cosmological models and discuss the satisfaction or
violation of these conditions. Through this, we find f(T ) models that allow for the weak and
strong focusing conditions to be satisfied or violated. It is mentioned that this behaviour can
also be found in the so-called f(R) and f(Q) theories.
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1 Introduction
It is well known that General Relativity (GR), which provides us with a description of space,
time and gravity, has been usually formulated with symmetric connections only [1]. More
specifically, GR is formulated on the so-called Riemannian space-time whose natural choice
of an affine connection is the unique torsion-free and metric compatible connection, known as
the Levi-Civita connection. When one considers the convergence or divergence of neighbouring
curves in torsion-free theories of gravity, such as GR, one often turns to the Raychaudhuri
equation [1, 2]. The Raychaudhuri equation, which is known for playing a significant role in
the proofs of the singularity theorems [1–4], can be derived through the use of the Levi-Civita
connection for a congruence of curves.
In the present work, we consider theories of gravity for which we have non-symmetric
connections, and consequently torsion. In particular, we consider theories constructed on the
Riemann-Cartan space-time whose natural choice of an affine connection is not necessarily
symmetric while being metric compatible [5]. For such space-times, the Levi-Civita connection
is not, in general, the most natural choice of an affine connection and is instead the so-called
Cartan connection [5, 6]. When studying Riemann-Cartan space-times, however, it is still
possible to consider the Levi-Civita connection as an additional structure [7]. It is, therefore,
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possible to still consider the convergence or divergence of curves generated by the Levi-Civita
connection in general Riemann-Cartan space-times. The convergence or divergence of such
curves can be described by the aforementioned Raychaudhuri equation which we shall refer to
as the torsion-free Raychaudhuri equation in the present work. Given the fact that the Levi-
Civita connection is not the natural choice of an affine connection in the Riemann-Cartan
space-time, the torsion-free Raychaudhuri equation cannot, in general, be used to describe
the convergence or divergence of curves generated by the Cartan connection. Consequently,
in order to study a congruence of curves generated by the Cartan connection, we aim at
determining a Raychaudhuri equation describing the convergence and divergence of these
curves. In this note, we shall refer to such an equation as the non-null torsion Raychaudhuri
equation which has been derived before in [8–11]. We note that the Raychaudhuri equation for
the case of a space-time whose natural choice of an affine connection is not metric compatible
in addition to having a non-vanishing torsion tensor is derived in [12].
Once we have derived the non-null torsion Raychaudhuri equation, we will move on to
discuss the implication of such a key equation in the context of f(T ) theories of gravity.
In such theories, the underlying Riemann-Cartan space-time requires the non-null torsion
Riemannian curvature to vanish. Such a space-time, which is referred to as the Weitzenböck
space-time, is constructed by requiring that the natural choice of an affine connection is the
so-called Weitzenböck connection [13]. The f(T ) theories of gravity, where T is the torsion
scalar, is a modification of the so-called Teleparallel Equivalent of General Relativity (TEGR)
[14, 15]. The reason TEGR is equivalent to GR is that, apart from a surface term that has no
contribution, the TEGR action is exactly the Einstein-Hilbert action [15]. The TEGR theory
of gravity was first introduced by Einstein and the interested reader is directed to the work
[16] which contains the first English translations of Einstein’s original papers on the subject.
The formulation of TEGR through the construction of a gravitational Lagrangian was first
done in [17] and later in [18]. While TEGR is a Lorentz invariant theory, the field equations of
a general f(T ) theory are not necessarily Lorentz invariant [19]. The fact that these theories
display this property has lead to recent interest [19–22]. In particular, the validity of Birkhoff’s
Theorem in f(T ) theories is discussed in [19–21]. It was argued in [20] that the first inference
of Birkhoff’s theorem, which states that a spherically symmetric metric for which a vacuum is
considered is static, holds in f(T ) theories of gravity. The authors of [20] made this argument
by starting with a spherically symmetric metric and then constructing a diagonal tetrad. As
pointed out in [19, 21], the diagonal tetrad used in [20] constrains the general f(T ) theory of
gravity being considered to be the Teleparallel Equivalent of General Relativity (TEGR) and
thus the argument given in [20] is limited to that case. As per the terminology used in [19], the
diagonal tetrad used in [20] is an example of a "bad tetrad". Further studies conducted in the
context of f(T ) theories of gravity include the study of junction conditions in these theories
[22] as well as constraining specific f(T ) theories through the use of Supernovae Type Ia and
Baryon Acoustic Oscillation data [23]. In addition, a topic of interest for the case of TEGR
is the status of the theory as a gauge theory of the translation group [24–26]. Finally, it is
worth mentioning that recently, the set of solutions of f(T ) gravity in the Minkowski metric
has been studied [27], finding out that a new mode is present at fourth-order perturbation,
signalling a strong coupling problem.
In this note, we are concerned with studying the convergence or divergence of paths
followed by test particles. By studying such paths as well as by making use of the f(T ) field
equations, we will be able to determine the so-called focusing conditions imposed in f(T )
theories of gravity. The f(T ) focusing conditions for the case where fundamental congruences
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are considered have been derived before in [28]. In the present work, we derive the focusing
conditions given a one-parameter dependent congruence of timelike auto-parallels of the Levi-
Civita connection.
This work is organised as follows: first in Section 2 we shall discuss in detail the formu-
lation of the so-called Riemann-Cartan space-time. Herein, we shall also present a thorough
discussion on auto-parallels and extremal curves in Riemann-Cartan space-times to be distin-
guished from the well-known geodesic curves in the usual Riemannian space-time. Then in
Section 3 we shall derive the non-null torsion Raychaudhuri equation. In Section 4, we shall
focus our attention on f(T ) theories of gravity. Such theories of gravity possess a vanishing
non-null torsion Riemann tensor [15]. In order to ensure that property, we shall consider
the Weitzenböck space-time by taking the natural choice of an affine connection to be the
Weitzenböck connection. There, we shall discuss the f(T ) field equations for a general metric
tensor before specifying a spatially flat Robertson-Walker space-time in Section 4.3. Follow-
ing this, we study the expansion rate for a one-parameter dependent congruence of timelike
auto-parallel curves of the Levi-Civita connection. By noting that test particles follow auto-
parallels of the Levi-Civita connection [18, 29], in Section 5 we shall turn our attention to
the torsion-free Raychaudhuri equation in order to determine the focusing conditions. Such
conditions are thoroughly studied in Section 6 for three paradigmatic f(T ) cosmological mod-
els and the satisfaction or violation of these conditions shall be discussed there. Finally, we
present our Conclusions in Section 7.
Notation and conventions: In the following we shall make use of natural units, i.e.,
c = GN = 1 and consider four-dimensional space-times with a signature (−+ ++). We shall
use Greek indices to denote space-time indices whereas Latin characters would be reserved
for tangent space indices. Components of a type (m,n) tensor, say B, shall be written
as Bµ1...µmν1...νn . Furthermore, for the tensor B, we make use of the following notational
convention as used in [1]
Bµ1...µm[ν1...νn] =
1
n!
∑
pi
δpiB
µ1...µm
νpi(1)...νpi(n)
, (1.1)
where δpi is −1 for odd permutations and +1 for even permutations. To illustrate this nota-
tional convention, consider for example the case where the tensor B is of type (0, 3). Then
we write B[µ|ν|β] = 12(Bµνβ − Bβνµ). In addition, we make use of the notational convention
for a type (m,n) tensor B [1]
Bµ1...µm(ν1...νn) =
1
n!
∑
pi
Bµ1...µmνpi(1)...νpi(n) . (1.2)
Following our example for the case where B is a type (0, 3) tensor, we write B(µ|ν|β) =
1
2(Bµνβ +Bβνµ).
2 Space-time and torsion
In this Section we shall first address the Riemannian space-time, which we denote as V4, in
2.1 before moving on to discuss the Riemann-Cartan space-time, which we denote as U4, in
2.2. Below we shall discuss how certain quantities arise in a torsion-free framework as well
as how these quantities may be generalised for gravitational theories with non-null torsion.
Consequently, the non-Riemannian contributions of the non-null torsion quantities can be
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obtained simply by subtracting the associated quantities present in the Riemannian space-
time V4 [30]. More specifically, below we shall show how to relate the metric compatible
Levi-Civita connection to the metric compatible Cartan connection through the use of the
so-called contorsion tensor [30, 31]. In addition, we shall briefly examine how it is possible to
relate the torsion-free Riemann tensor that arises in Riemannian space-time to the non-null
torsion Riemann tensor that arises in Riemann-Cartan space-time through the use of torsion
tensor terms as well as their first order derivatives. Also, at the end of this Section we shall
revise the notion of geodesics in Riemannian space-time in 2.3 and the notion of auto-parallels
and extremal curves in the Riemann-Cartan space-time in 2.4.
2.1 The Riemannian space-time V4
We begin by considering a four-dimensional, Hausdorff and connected C∞−manifold M
endowed with an additional structure, D, referred to as an affine connection [4]. This extra
structure, D, is such that, for all dual vector fields νβ , we have [1, 4]
Dανβ = ∂ανβ − Γραβνρ , (2.1)
where Γραβ are connection coefficients. When dealing with the manifold M, we wish to
consider connections that are necessarily torsion-free. That is, we wish to consider connections
that are symmetric in the two lower indices, i.e., Γραβ = Γ
ρ
βα. In addition, given a Lorentz
metric tensor, g, we wish to take the affine connection D to be metric compatible, i.e.,
Dνgαβ = 0. As widely known, the Levi-Civita connection can be easily obtained from a given
metric with the coefficients [1]
Γραβ =
1
2
gρσ (∂αgβσ + ∂βgασ − ∂σgαβ) . (2.2)
The Levi-Civita connection is the unique affine connection that is both metric compatible
as well as torsion-free [32]. Following [5], we define the Riemannian space-time, denoted as
V4, to be the tuple (M, g, D) where the natural choice of an affine connection, D, is the
Levi-Civita connection.
Before moving on to discuss affine connections in Riemann-Cartan space-times, we wish to
first consider the notion of curvature in our Riemannian space-time V4. As shown in [1], one
can show that (DαDβ −DβDα) is a linear map and thus, one can introduce a tensor field,
R ραβσ , that is such that
(DαDβ −DβDα) νσ = R ραβσ νρ , (2.3)
for all dual vector fields νσ. The tensor field R
ρ
αβσ is referred to as the torsion-free Riemann
tensor1 and gives us the notion of curvature in our Riemannian space-time V4.
The torsion-free Riemann tensor provides us with the notion of curvature in gravitational
theories whose natural choice of an affine connection is the Levi-Civita connection such as GR
[1]. In other words, the torsion-free Riemann tensor provides us with the notion of curvature
for gravitational theories that are constructed through the use of the Riemannian space-time
1Equation (2.3) can be used to express the torsion-free Riemann tensor in terms of the Christoffel symbols,
Γραβ , given in equation (2.2) as well as their first order derivatives, ∂σΓ
ρ
αβ . The resulting expression yields
R ραβσ = ∂βΓ
ρ
ασ − ∂αΓρβσ + ΓδασΓρβδ − ΓδβσΓραδ [1].
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V4. When considering such gravitational theories, one often makes use of the torsion-free
Ricci tensor, Rαβ , defined as Rαβ = R
ρ
αρβ as well as its trace R := R
α
α which we shall refer
to as the torsion-free Ricci scalar. In what follows, we shall discuss the notion of curvature in
gravitational theories for which the underlying space-time is the Riemann-Cartan space-time.
In order to achieve this, one must consider an additional curvature tensor, which we shall
refer to as the non-null torsion Riemann tensor, which completely describes the notion of
curvature in Riemann-Cartan space-time.
2.2 The Riemann-Cartan space-time U4
Consider a four-dimensional, Hausdorff and connected C∞− manifoldM′ with affine con-
nection ∇ as an additional structure onM′ [4]. Here, we wish to consider affine connections
that are not necessarily torsion-free, although metric compatible. For every dual vector field
νb, we have
∇ανβ = ∂ανβ − Γ˜ραβνρ , (2.4)
where Γ˜ραβ
2 are the connection coefficients of the affine connection ∇ [1, 30, 31]. In addition,
we define the torsion tensor, T ραβ , to be [1, 30, 31]
T ραβ := Γ˜
ρ
αβ − Γ˜ρβα . (2.5)
The fact that the connection coefficients are not necessarily symmetric in their lower indices
imply that, given a metric tensor, g, the Christoffel symbols leading to a metric compatible
affine connection are not necessarily those of the Levi-Civita connection given in equation
(2.2). Instead, the Christoffel symbols of the affine connection ∇ are given by the expression
Γ˜ραβ = Γ
ρ
αβ +K
ρ
αβ , (2.6)
where Γραβ are the connection coefficients of the Levi-Civita connection and K
ρ
αβ is the
so-called contorsion tensor which is defined through the following expression [30, 31]
Kσαβ :=
1
2
(Tσαβ + Tασβ + Tβσα) . (2.7)
We refer to the metric compatible affine connection ∇ whose connection coefficients are given
by equation (2.6) as the Cartan connection [6]. Given a metric tensor g, we define the
Riemann-Cartan space-time, denoted as U4, to be the tuple (M′, g,∇) where ∇ is the Cartan
connection [5]. Since the Cartan connection is the natural choice of an affine conention in U4,
in the following we shall rely on this connection to yield quantities that describe completely
certain aspects of the space-time such as curvature. We note, however, that the Levi-Civita
connection is also metric compatible in U4 and that it is also possible to make use of the
Levi-Civita connection as an additional structure on the manifoldM′.
We now wish to introduce the notion of curvature for the Riemann-Cartan space-time
U4. Given the fact that the combination (∇α∇β −∇β∇α + T ραβ∇ρ) is a linear map, we may
introduce a tensor field, R˜ ραβσ , that is such that(
∇α∇β −∇β∇α + T ραβ∇ρ
)
νσ = R˜
ρ
αβσ νρ , (2.8)
2Here, we have used the tilde to distinguish between the connection coefficients given in equation (2.4) and
the connection coefficients given in equation (2.1).
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for all dual vector fields νβ [31]. We refer to R˜
ρ
αβσ as the non-null torsion Riemann tensor
3
which describes the notion of curvature in U4 completely. In a similar manner to what
was done in the previous Section 2.1, one can define the non-null torsion Ricci tensor as
R˜αβ := R˜
σ
ασβ as well as the non-null torsion Ricci scalar as R˜ := R˜
α
α . We note that it is
possible to relate the torsion-free Ricci tensor to the non-null torsion Ricci tensor through the
use of the Levi-Civita connection and the contorsion tensor. That is, the Ricci tensors can
be related through the following expression
Rασ = R˜ασ +DαK
β
βσ −DβKβασ +KρβσKβαρ −KρασKββρ . (2.9)
Lastly, by making use of the above expression, it is possible to relate the torsion-free Ricci
scalar, R, to the non-null torsion Ricci scalar, R˜. That is, by taking the trace of equation
(2.9), we obtain the following expression that relates the two Ricci scalars
R = R˜− 2DαTα − T , (2.10)
where Tα := T βαβ is the trace of the torsion tensor and T is the torsion scalar which is defined
as [33]
T :=
1
4
T βασ T
σ
βα −
1
2
T βασT
σ
βα − T βαβT σασ . (2.11)
As we will see later on, the torsion scalar defined above plays an important role at the level
of the gravitational action when studying specific gravitational theories with non-vanishing
torsion [17]. We now turn our attention back to the torsion tensor which is defined in equa-
tion (2.5). It is common to decompose the torsion tensor into a trace component, a totally
antisymmetric component and a third component, Qαβσ, which is antisymmetric in its second
and third indices as well as traceless, i.e., Qαβα = 0 [34]. The reason for this is to determine
what roles each of the components in the decomposition play in an equation where the tor-
sion tensor appears. For example, in the Dirac equation in Riemann-Cartan space-time, only
the totally antisymmetric part of the torsion tensor couples to the fermionic contribution
while the trace part and the tensor Qαβσ decouple completely [34]. The decomposition of the
torsion tensor is as follows
Tαβσ =
1
3
(
T ρβρgασ − T ρσρgαβ
)
+ T[αβσ] +Qαβσ . (2.12)
In the above decomposition, the trace component is 13
(
T ρβρgασ − T ρσρgαβ
)
and the totally
antisymmetric component is T[αβσ]. The tensor field Qαβσ is defined through the difference.
2.3 Geodesics in Riemannian space-time
In this Section, we revise the notion of geodesics in the Riemannian space-time V4. To begin
with, we first discuss the notion of auto-parallels. We say that a curve with tangent vector
field ξ is an auto-parallel of the Levi-Civita connection provided [30]
Dξξ = 0 ⇐⇒ ξβDβξα = 0 . (2.13)
3 By making use of the definition for the non-null torsion Riemann tensor given in equation (2.8)
together with equation (2.4), it is possible to obtain an expression for R˜ ραβσ in terms of the Cartan
connection coefficients, Γ˜ραβ , as well as their first order derivatives [31]. This expression is as follows
R˜ ραβσ = ∂βΓ˜
ρ
ασ − ∂αΓ˜ρβσ + Γ˜δασΓ˜ρβδ − Γ˜δβσΓ˜ραδ.
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In addition, we define an extremal curve to be a curve that is such that we have an extremum
of the length with respect to the metric tensor, g [30]. In our Riemannian space-time, V4, the
tangent vector field of the extremal curve satisfies the well-known equation
dξα
dλ
+ Γαβρξ
βξρ = 0 , (2.14)
where λ is the affine parameter associated with the connection D and the Christoffel symbols
Γραβ are given by equation (2.2) [1]. It is not difficult to see from equation (2.1) that equa-
tions (2.13) and (2.14) are equivalent. Since these two notions coincide in V4, we say that a
curve with tangent vector field ξ is a geodesic of the Levi-Civita connection D provided that
equation (2.13) is satisfied [1]. That is, a curve is a geodesic if its tangent vector is parallel
propagated in the direction along the curve itself [1].
2.4 Auto-parallels and extremal curves in Riemann-Cartan space-time
In the previous Section, we discussed how the notions of auto-parallels and extremal curves
given the Levi-Civita connection in a Riemannian space-time coincide. Nonetheless, in the
case of Riemann-Cartan space-time, these two notions only coincide when the torsion tensor
is totally antisymmetric [30]. This fact makes it necessary to distinguish between these two
notions in a Riemann-Cartan space-time. On the one hand, we say that a curve with tangent
vector field ξ is an auto-parallel of the Cartan connection ∇ provided
∇ξξ ⇐⇒ ξβ∇βξα = 0 . (2.15)
On the other hand, we define extremal curves in the same way as before: a curve with tangent
vector field ξ is an extremal curve if the equations of motion satisfied by ξ yield an extremum
of the length with respect to the metric tensor, g. In gravitational theories constructed on
the Weitzenböck space-time, such as f(T ) gravity, the paths followed by test particles in
the presence of gravity are auto-parallels of the Levi-Civita connection [18, 29]. Accordingly,
for such theories the equations of motion for free-falling test particles are given by equation
(2.14).
In the following Section, we shall obtain the Raychaudhuri equation, following what
was done in [1, 9], for a smooth congruence of timelike curves with respect to the Cartan
connection. Therein, we shall not assume that the curves are necessarily auto-parallels of the
affine connection ∇. Instead, we shall first assume that ∇ξξ is non-vanishing and derive the
Raychaudhuri equation with this assumption in mind. The final result can then be simplified
when considering the specific case of a smooth congruence of timelike auto-parallels generated
by the Cartan connection ∇.
3 The Raychaudhuri equation in Riemann-Cartan space-time
The Raychaudhuri equation in Riemannian space-time, which we refer to here as the torsion-
free Raychaudhuri equation, is well-known [1, 2, 4]. For its derivation in Riemannian space-
time, one considers a smooth congruence of timelike (or null) curves given the Levi-Civita
connection D. Some remarks about such an instrumental equation are provided in the Ap-
pendix A. Although the Levi-Civita connection is not the natural choice of an affine connection
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in Riemann-Cartan space-times, the torsion-free Raychaudhuri equation is, in fact, valid in
such space-times. The natural choice of an affine connection in Riemann-Cartan space-time
is the Cartan connection, ∇, whose connection coefficients are given in equation (2.6). In
what follows, we wish to consider a smooth congruence of timelike curves generated by ∇
in the Riemann-Cartan space-time U4 defined previously. Therefore, we wish to make use of
the Cartan connection when constructing the Raychaudhuri equation for such a congruence.
Here, we shall refer to this equation as the non-null torsion Raychaudhuri equation. The non-
null torsion Raychaudhuri equation has been derived before in [9] and here we just sketch the
main steps.
Here, we shall make use of the Riemann-Cartan space-time U4 defined previously. We
begin by considering a smooth congruence of timelike curves generated by the Cartan con-
nection, ∇, with tangent vector field ξ. Here, ξ represents a four-velocity and is normalised
to unit length with g (ξ, ξ) = −1 [1]. By making use of the affine connection ∇, we introduce
the tensor B of type (0, 2) defined in the following way [1]
Bαβ := ∇βξα . (3.1)
By making use of the fact that the tangent vector field is normalised to unit length, it is not
difficult to see from the above definition of B that we have ξβBβα = 0. We now wish to find
an expression for ξρ∇ρBαβ = ξρ∇ρ∇βξα in terms of the non-null torsion Riemann tensor.
From the definition of the non-null torsion Riemann tensor given in equation (2.8) we have
ξρ∇ρBαβ = ∇β (ξρ∇ρξα)− (∇βξρ) (∇ρξα)− R˜σβραξσξρ − T ρσβξσ∇ρξα . (3.2)
By taking the trace of equation (3.2), we obtain
ξβ∇βB αα = ∇α
(
ξβ∇βξα
)
−B βα B αβ − R˜αβξαξβ − T ρβαξβBαρ . (3.3)
In order to obtain the non-null torsion Raychaudhuri equation from equation (3.3), it is
necessary to introduce some physical quantities. We do this by first introducing the spatial
metric, hαβ , defined as
hαβ := gαβ + ξαξβ , (3.4)
where g is the metric tensor [1, 9]. We now define the non-null torsion expansion as
θ := h βα ∇βξα , (3.5)
the non-null torsion shear as
σαβ := h
σ
αh
ρ
β∇(σξρ) −
θ
3
hαβ , (3.6)
and the non-null torsion twist as [1, 9]
ωαβ := h
σ
αh
ρ
β∇[σξρ] . (3.7)
The so-called expansion, shear and twist defined here are the aforementioned physical quanti-
ties needed to construct the Raychaudhuri equation using the affine connection ∇. Our goal
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now is to obtain a decomposition of the tensor Bαβ through the use of θ, σαβ and ωαβ . By
making use of equations (3.1) and (3.5), we see that
θ = hαβB
β
α = B
α
α . (3.8)
That is, θ is the trace of the tensor Bαβ . Furthermore, from equations (3.1), (3.6) and (3.7)
we see that we can write the non-null torsion shear as
σαβ = B(αβ) + ξ
ρξ(βBα)ρ −
θ
3
hαβ , (3.9)
and the non-null torsion twist as
ωαβ = B[αβ] + ξ
ρξ[βBα]ρ . (3.10)
Now that we have obtained expressions for the expansion scalar, shear tensor and twist tensor
in terms of the tensor Bαβ , we can make use of these expressions in order to decompose the
tensor Bαβ in terms of these physical quantities. It follows from equations (3.9) and (3.10)
that
Bαβ = ωαβ + σαβ +
θ
3
hαβ − ξρξβBαρ . (3.11)
Equation (3.11) gives the desired decomposition of Bαβ in terms of the non-null torsion
expansion, shear and twist. From equation (3.11) we see that the twist tensor, ωαβ , is the
antisymmetric part of Bαβ , the shear tensor, σαβ , is the symmetric part and that θ3hαβ is the
trace component in the decomposition. Now that we have obtained this desired decomposition
of the tensor Bαβ , we wish to turn our attention back to equation (3.3) in order to obtain the
Raychaudhuri equation. In equation (3.3), it can be noticed that the term B βα B αβ appears.
By making use of equation (3.11), we can write B βα B αβ as
B βα B
α
β = σαβσ
αβ − ωαβωαβ + 1
3
θ2 . (3.12)
By substituting equations (3.11) and (3.12) into equation (3.3) and by choosing a suitable
parameterization, λ, of the curves generated by the affine connection ∇, we obtain the non-
null torsion Raychaudhuri equation
dθ
dλ
= ∇α
(
ξβ∇βξα
)
− σαβσαβ + ωαβωαβ − 1
3
θ2 − R˜αβξαξβ
− T ρβαξβ
(
σαρ + ω
α
ρ +
1
3
θhαρ − ξσξρ∇σξα
)
. (3.13)
Equation (3.13) gives the generalized Raychaudhuri equation for a smooth congruence of
timelike curves generated by the Cartan connection, ∇, and has been derived before in [9].
Equation (3.13) gives us a generalized notion of the expansion scalar θ rate, when considering
Riemann-Cartan space-time.
Up until now, we have not given a physical interpretation of what is described by the ex-
pansion scalar, the shear tensor or the twist tensor. In order to give such a physical interpre-
tation, we consider a cross-sectional area, A, that encloses our congruence of timelike curves.
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In addition, consider an observer moving along a curve contained in our smooth congruence.
The expansion scalar, θ, provides us with a description as to how the cross-sectional area,
A, expands as well as contracts as observed by our observer moving along a curve contained
in the congruence. The shear tensor, σαβ , on the other hand provides us with a description
of the tendency for A to become ellipsoidal in shape as seen by our observer. Finally, the
twist tensor, ωαβ , describes how the cross-sectional area, A, twists about the congruence it
encloses as seen by our observer [9].
Equation (3.13) can be particularised in the special case of a smooth congruence of
timelike auto-parallels of the Cartan connection ∇ which are hypersurface orthogonal. That
is, we are interested in a congruence of curves that have tangent vector field ξa such that
ξβ∇βξα = 0 and ωαβ = 0. By requiring that ξα satisfies these conditions, it follows that the
Raychaudhuri equation given in equation (3.13) reduces to
dθ
dλ
= −σαβσαβ − 1
3
θ2 − R˜αβξαξβ − 1
3
Tβξ
α
(
δβαθ − σβα
)
−Qρβαξβσαρ , (3.14)
where we have made use of the decomposition of the torsion tensor given in equation (2.12).
We immediately notice that the totally antisymmetric part of the torsion tensor, T[αβρ], does
not make any contribution in the Raychaudhuri equation. This is due to the fact that T[αβρ]
is totally antisymmetric and that a summation is carried out with these components together
with symmetric components contained in brackets. This causes the contribution involving
the totally antisymmetric part of the torsion tensor to vanish. We are, however, left with
contributions from the trace part of the torsion tensor as well as with contributions from the
tensor field Qαβρ.
Having derived the non-null torsion Raychaudhuri equation (3.13) for a smooth con-
gruence of timelike curves generated by the Cartan connection, ∇, it is trivial to obtain the
torsion-free Raychaudhuri equation4.
At this stage, it is important to note that, since the Levi-Civita connection may be
thought of as an additional structure in the Riemann-Cartan space-time U4, the torsion-free
Raychaudhuri equation (A.7) - see Appendix A for its full derivation- may be useful when
considering non-null torsion theories of gravity. On the one hand, when considering a smooth
congruence of timelike curves generated by ∇, we make use of equation (3.13) to describe
the expansion rate of a cross-sectional area about the congruence. On the other hand, when
considering a smooth congruence of timelike curves generated by D, we make use of equation
(A.7) to describe the expansion rate of a cross-sectional area about the congruence.
4 f(T ) theories of gravity
As explained in the Introduction, f(T ) theories of gravity are constructed by making use
of the Weitzenböck space-time, where the non-null torsion Riemann tensor vanishes and the
torsion tensor is non-vanishing. In Section 4.1 we discuss the Weitzenböck connection and
in Section 4.2 we discuss the formulation of the f(T ) theories of gravity. In Section 4.3, we
consider the Robertson-Walker space-time.
4The reader seeking a derivation of the torsion-free Raychaudhuri equation in the context of Riemannian
space-time is directed to [1]. In order to derive the torsion-free Raychaudhuri equation, we can simply consider
what happens to equation (3.13) in the absence of torsion since the Cartan connection ∇ is nothing more
than the Levi-Civita connection, D, when we have a vanishing torsion tensor.
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4.1 Tetrad formalism and the Weitzenböck connection
In order to construct the Weitzenböck connection, we introduce a nonholonomic basis of
smooth vector fields, eaσ, that are such that
gµν = ηabe
a
µe
b
ν , (4.1)
where ηab = diag(−1, 1, 1, 1) is the Minkowski metric and {eaσ} is referred to as a tetrad [1].
Given a metric tensor, gµν , we can construct tetrads according to equation (4.1). Nonetheless,
it is important to note that there does not necessarily exist a unique tetrad construction for
a given metric tensor. Moreover, in general, tetrads eaσ are not invariant under Lorentz
transformations [19]. In the realm of f(T ) theories of gravity, quantities are derived from
tetrads rather than from the metric tensor and, therefore, since tetrads are not in general
Lorentz invariant, these quantities may not necessarily be Lorentz invariant. This implies
that the field equations in f(T ) gravity are not necessarily Lorentz invariant (c.f. [19] for a
detailed discussion on this issue). For now, however, we can discuss the notion of curvatureless
gravity, i.e., gravitational theories with vanishing curvature, by constructing a connection that
yields a vanishing non-null torsion Riemann tensor through the use of tetrads. By considering
the Riemann-Cartan space-time U4 and imposing that the connection coefficients, Γ˜ρµν , of
the affine connection, ∇, to be of the form
Γ˜ρµν = e
ρ
a ∂µe
a
ν , (4.2)
one guarantees that the non-null torsion curvature R˜ µαβν as defined in equation (2.8) vanishes
[13]. Definition (4.2) is referred to as the Weitzenböck connection. Following the definition
given in [5] we refer to the tuple (M′, g,∇), where ∇ is now the Weitzenböck connection, as
the Weitzenböck space-time and we denote this space-time as W4.
Consequently, it is easy to conclude that equation (2.10) in W4 renders the following
expression for the torsion-free Ricci scalar
R = −2DµT νµν − T , (4.3)
where T is the torsion scalar defined in equation (2.11). By defining the Weitzenböck contor-
sion tensor, W ρµν , as
Wρµν :=
1
2
(−Tρµν − Tµνρ + Tνρµ) = Kρµν − Tρµν , (4.4)
we can introduce the tensor
S µνρ :=
1
2
(Wµνρ + δ
µ
ρT
βν
β − δνρT βµβ) , (4.5)
known as the superpotential in order to write the torsion scalar T as [17, 33]
T = T ρµνS
µν
ρ . (4.6)
We are now in a position to discuss the formulation of f(T ) theories of gravity which is done
in the following Section.
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4.2 Lagrangian formulation
We begin this discussion by first considering the Einstein-Hilbert (EH) action in GR. We
will then make use of this action to show that GR is, in fact, equivalent to Teleparallel
Gravity, f(T ) = T , following [15]. The Einstein-Hilbert action, SEH , is given by the following
expression
SEH =
1
16pi
∫
d4x R
√−g , (4.7)
where R is the torsion-free Ricci scalar and g is the determinant of the metric tensor [35].
From equation (4.3), which gives an expression for the torsion-free Ricci scalar in terms of
torsion terms, the EH action can be written as
SEH = − 1
16pi
∫
d4x e T − 1
8pi
∫
d4x eDµTµ , (4.8)
where e is the determinant of the tetrad field, eaσ. Now, since the right-hand side second
term in the previous expression contains a total derivative, DµTµ, with respect to the volume
element e d4x it makes no contribution. Therefore, the EH action reduces to the well known
action of Teleparallel Gravity. This result is usually referred to as the equivalence between GR
and the Teleparallel Gravity, also dubbed the Teleparallel Equivalent of General Relativity
(TEGR) [15]. We note here that if one were to consider a general function, f(R), of the
torsion-free Ricci scalar in equation (4.7), one would obtain the action of so-called f(R)
theories of gravity (see [36] for a review). Similarly, one can consider a general function,
f(T ), 5 of the torsion scalar [14, 15] and obtain
S =
∫
d4x e
(
1
16pi
f(T ) + Lm
)
, (4.9)
which is the action in f(T ) theories of gravity with the matter content in the matter La-
grangian Lm. By varying the action given in equation (4.9) with respect to the vierbein elσ,
the f(T ) field equations
1
4fδ
σ
α + fT
[
T νβαS
σβ
ν + e−1elα∂ν
(
e e βl S
σν
β
)]
+ fTTS
σν
α ∂νT = −4pi e
l
α
e
δ(eLm)
δel σ
=: 4pi T σα ,
(4.10)
are obtained where T σα is the energy-momentum tensor and fT and fTT are the first and
second order derivative of f(T ) with respect to T respectively [15].
Having discussed the formulation of the f(T ) theories of gravity, we now turn our atten-
tion to studying the focusing conditions in the context of these theories. In carrying out such
a study, we shall consider the metric tensor to represent a spatially-flat Robertson-Walker
space-time.
4.3 Robertson-Walker space-time in f(T ) gravity
In order to deal with cosmological scenarios, it makes sense to specify the space-time to be a
Robertson-Walker space-time and study f(T ) phenomenology in such a structure. Here, we
5Although GR and TEGR are equivalent, a given f(R) theory of gravity is not in general equivalent to
the corresponding f(T ) theory of gravity since the two expressions may not differ by a total derivative.
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make use of the Robertson-Walker space-time in the case of spatially flat geometry which is
given by the following metric [1]
ds2 = −dt2 + a2(t) (dx2 + dy2 + dz2) . (4.11)
By making use of the above metric together with equation (4.1), we note that we can make
use of the following diagonal tetrad construction
eaµ = diag(1, a(t), a(t), a(t)) (4.12)
Although in the following we shall consider congruences whose tangent vector fields are not
necessarily those of a co-moving observer, we can still make use of the diagonal tetrad con-
struction given above since we will always take the matter field to be co-moving. As widely
known, for the diagonal tetrad construction given above, the torsion scalar has the following
expression [19]
T = 6H2 , (4.13)
where we have defined the Hubble parameter as H := a˙/a [37]. In this note, we consider an
energy-momentum tensor that is of the general perfect fluid form [19, 37]
Tµν = ρχµχν + P (χµχν + gµν) , (4.14)
where χµ := (1, 0, 0, 0) is taken to be the four-velocity associated with a co-moving ob-
server. The non-vanishing f(T ) field equations components associated with a spatially-flat
Robertson-Walker space-time for which an energy-momentum tensor is of the form (4.14)
become [19]
f
4
− 3H2fT = −4piρ , (4.15)
f
4
− 3H2fT = H˙
(
fT + 12H
2fTT
)
+ 4piP . (4.16)
Having obtained the relevant f(T ) field equations, in the following Section we turn our at-
tention to the consideration of the focusing conditions.
5 Focusing conditions in f(T ) gravity
As mentioned in Section 2.4, for any f(T ) theory the differential equation, referred to as the
force equation [33], which describes the motion of a test particle in the presence of gravity,
coincides with that which describes auto-parallel curves of the Levi-Civita connection [30].
We therefore turn our attention to studying the torsion-free Raychaudhuri equation since
the cross-sectional area that it describes encloses a congruence of auto-parallels of the Levi-
Civita connection. More specifically, we shall consider equation (A.8), i.e., the Raychaudhuri
equation for a congruence of time-like auto-parallels of the Levi-Civita connection whose
tangent vector field, ξ, is taken to be hypersurface orthogonal. Since it is the torsion-free
expansion scalar that provides us with the desired description of the divergence or convergence
of neighbouring paths followed by test particles, the condition of attractive gravity would be
given by the inequality
d
◦
θ
dτ
≤ 0 . (5.1)
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Let us now turn our attention to the right-hand side of equation (A.8). It is evident that
the first two terms there are nonpositive, while the sign of the third term is not immediately
clear. As widely known, the focusing conditions (or energy conditions in the case of GR)
arise as a result of requiring that this third term be nonpositive, i.e., Rµνξνξν ≥ 0 [1].
One possibility that allows for this inequality to hold is to require that the Einstein tensor,
Gµν := Rµν− 12Rgµν , contracted with the tangent vector field is nonpositive, i.e., Gµνξµξν ≥ 0
[1]. This is referred to as the weak focusing condition. Alternatively, the inequality Gµνξµξν ≥
−12G also allows for the third term on the right-hand side of equation (A.8) to be nonpositive.
This inequality is referred to as the strong focusing condition.
In this note, we are interested in studying the satisfaction/violation of the weak and
strong focusing conditions for one-parameter dependent congruences of timelike auto-parallels
of the Levi-Civita connection whose tangent vector field is given by the expression [38]
ξα = γ (1, β, 0, 0) , with γ :=
1√
1− a2β2 . (5.2)
We require that the tangent vector field ξα be parallel propagated with respect to the Levi-
Civita connection, i.e., ξαDαξν = 0. Such a requirement implies that the parameter β is of
the form
β =
C
a
√
a2 + C2
, (5.3)
where C ∈ R is the parameter that, when varied, produces different tangent vector fields
that are parallel propagated with respect to the Levi-Civita connection. We note that when
C = 0 the four-velocity ξα given in equation (5.2) reduces to the four-velocity associated with
a co-moving observer, χα, used in the construction of the energy-momentum tensor given
in equation (4.14). The congruence whose tangent vector field corresponds to a co-moving
observer is often referred to as a fundamental congruence. The f(T ) focusing conditions for
the case of a fundamental congruence, i.e., when C = 0, have been derived before in [28]. In
this note, we shall derive both the weak and strong focusing conditions for a general value of
the parameter C.
Weak focusing condition We first consider the inequality Gµνξµξν ≥ 0. By making
use of equation (2.9) for the case where R˜µν = 0, one can obtain the following expression for
the Einstein tensor
Gµν = DνTµ −DµTν + 2DβS βνµ −DβT βµν +
1
2
Tgµν +K
α
βνK
β
µα +K
α
µνTα . (5.4)
The above expression is a completely geometric statement for the Weitzenböck space-time
W4. Therefore (5.4) does not depend upon the specific f(T ) model constructed on W4.
Nonetheless, at this stage let us introduce in (5.4) the energy-momentum tensor by substi-
tuting equation (4.10), which are the f(T ) field equations, into the above expression. This
yields
Gµν =
1
fT
(
k2τµν − 2fTTS βνµ ∂βT −
1
2
fgµν
)
+W βλνS
λ
βµ +DνTµ −DµTν −DλT λµν
+
1
2
Tgµν +K
α
βνK
β
µα +K
α
µνTα . (5.5)
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By contracting the above expression with the four-velocity given in equation (5.2), the weak
focusing condition holds if and only if we have
8piρeff :=
1
fT
[
8piρ+
1
2
(f − fTT ) + a2β2
(
2HfTT∂tT − 1
2
f
)]
+ 3a2β2H2 ≥ 0 , (5.6)
where we have introduced the so-called effective energy density, ρeff 6.
Strong focusing condition Equipped with the discussion above, we now study the
inequality Gµνξµξν ≥ −12G. It is not difficult to show that the strong focusing condition
holds if and only if we have
4pi (ρeff + 3Peff ) :=
1
fT
[
4pi (ρ+ 3P )− 1
2
(f − fTT ) + 3fTTH∂tT
+ a2β2
(
2HfTT∂tT − 1
2
f
)]
+ 3a2β2H2 ≥ 0 , (5.7)
where we have introduced the so-called effective pressure, Peff 7.
Before examining these two focusing conditions for three f(T ) paradigmatic cosmological
models, a pertinent remark would be to stress that in both (5.6) and (5.7) the dependence on
the one-parameter C, which label the timelike auto-parallels of the Levi-Civita connection,
appears through the parameter β defined in (5.3). For the case of a fundamental congruence
(C = 0), one has β = 0 and then arrives at the results given in [28]
6 f(T ) cosmological models
In this Section, we study the focusing conditions for three specific bi-parametric f(T ) cosmo-
logical models.
Here, we will allow the f(T ) function describing a specific cosmological model to depend
on two values: σ and α. By changing the values of α and σ in the f(T ) function, one obtains
different f(T ) theories.
For each choice of cosmological model considered, we first solve the field equation (4.16)
for the dimensionless Hubble parameter defined as
h(z) :=
H(z)
H0
, (6.1)
where z denotes the cosmological redshift z = a−1 − 1 and H0 is the present-day Hubble
parameter value [37, 39]. For a given cosmological model, we shall obtain a solution h(z)
for each combination of α and σ values. In this note, we are interested in studying the
focusing conditions for the case of dust, i.e., the fluid in equations (4.15) and (4.16) would be
pressureless, so the the energy density takes the form ρ = ρ0 a−3 where ρ0 is a constant [37].
Let us now turn our attention to the field equation (4.16) in order to obtain the dimensionless
Hubble parameter h(z). We are particularly interested in studying the focusing conditions at
6As expected, in the case of TEGR, i.e., f(T ) = T , the weak focusing condition given above reduces to the
usual weak energy condition, ρ ≥ 0.
7As expected, the strong focusing condition reduces to the strong energy condition ρ+ 3P ≥ 0 for the case
of TEGR.
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the present day value of z = 0. In solving such a differential equation, we impose the initial
condition: h(1100) = hΛ(1100), where
hΛ(z) =
√
ΛΩm0 (1 + z)
3 + 1− ΛΩm0 , (6.2)
is the ΛCDM solution [37]. In addition, for illustrative purposes we take the ΛCDM energy
density parameter to be ΛΩm0 = 0.315 as found in [39]. Once (4.16) has been solved in order
to obtain h(z) values for a particular cosmological model, we can then make use of the field
equation (4.15) in order to find the energy denstiy parameter values Ωm0 :=
8piρ0
3H20
[37]. Since
we expect to obtain different Ωm0 values for different f(T ) functions, the parameter Ωm0 will
depend on the values of α and σ as described by equation (4.15). Model-dependent explicit
expressions for Ωm0 will be provided in the following.
In this note, we shall consider three paradigmatic f(T ) cosmological models with the
first being of a polynomial form [40], the second being of an exponential form [41] and the
third being of a hyperbolic tangent form [42]. In constructing these cosmological models, we
make use of the dimensionless torsion scalar, T¯ , defined through the expression
T¯ :=
T
6H20
. (6.3)
Before proceeding with the aforementioned f(T ) cosmological models, we shall impose two
theoretical constraints on the models under consideration. These constraints are referred to
as the viability conditions and have been discussed in the context of f(R) theories of gravity
in [36, 43, 44]. In this note, we make use of the f(R) viability conditions8, as given in [36], in
order to impose viability conditions on f(T ) theories. The first viability condition to impose
on an f(T ) theory reads
lim
T→∞
f(T )
T
= 1 , (6.4)
and ensures that the f(T ) theory of gravity behaves like the TEGR theory of gravity in the
limit as T → ∞, i.e., at early stages of the cosmological evolution. Complementarily, the
second viability condition to be imposed reads [42]
fT > 0 . (6.5)
As can be seen in equations (5.6) and (5.7), this condition ensures that the contribution of
the energy matter content in the focusing conditions is always nonnegative, i.e., the effective
Newton’s constant Geff := GN/fT is always positive.
Finally, recent developments in the field of Gravitational Waves have placed strong
constraints on the gravitational wave speed [45]. It is shown in [46] that such a constraint is
trivially satisfied for f(T ) gravities. Consequently, the cosmological models discussed below
are constructed in such a way that the viability conditions given in equations (6.4) and (6.5)
are satisfied. In addition, in the limit where a cosmological model behaves as TEGR plus a
cosmological constant, the parameter σ will take on the role of the cosmological constant9.
8 In the context f(R) theories of gravity, an additional viability conditions states that fRR cannot be nega-
tive in order to ensure a stable model against the so-called Dolgov-Kawasaki instability [36, 43]. Nonetheless,
such a condition does not have a counterpart on the sign of fTT .
9Due to the imposed initial condition h(z) = hΛ(z), σ values need to be nonnegative as seen in the following.
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6.1 Model 1: f = 6H20
(
T¯ + σT¯α
)
The first cosmological model that we wish to consider is of the polynomial form presented
in [40, 47]. Herein we restrict our consideration of α and σ values to the region (σ, α) ∈
[0, 1] × [−1, 1). We note that the viability conditions (6.4) and (6.5) for the combinations
of α and σ values considered are satisfied. We also note that the viability conditions are
satisfied for larger values of σ, however, the analysis regarding these larger σ values can be
understood from the results given here. The evolution equation (4.16) for the dimensionless
Hubble parameter h(z) becomes
dh
dz
=
3
2
h2 + σ (2α− 1)h2α
[h+ σα (2α− 1)h2α−1] (1 + z) . (6.6)
Upon solving (6.6) for the dimensionless Hubble parameter, we turn our attention to studying
the weak and strong focusing conditions for this cosmological model. In terms of h(z), the
weak focusing condition (5.6) now reads
8piρeff
3H20
=
(
1
1 + σαh2α−2
)[
Ωm0(1 + z)
3 + σ (1− α)h2α
− β
2
(1 + z)2
(
4
3
σα (α− 1)h2α−1h′ (1 + z) + h2 + σh2α
)]
+
β2h2
(1 + z)2
≥ 0 . (6.7)
where h′ denotes the derivative of the dimensionless Hubble parameter with respect to the
redshift. In addition, for this cosmological model, the strong focusing condition (5.7) yields
4pi (ρeff + 3Peff )
3H20
=
(
1
1 + σαh2α−2
)[
1
2
Ωm0 (1 + z)
3 − 2σα (α− 1)h2α−1h′ (1 + z)
− σ (1− α)h2α − β
2
(1 + z)2
(
4
3
σα (α− 1)h2α−1h′ (1 + z) + h2 + σh2α
)]
+
β2h2
(1 + z)2
≥ 0 . (6.8)
As already mentioned, Ωm0 is dependent upon α and σ through (4.15). More specifically for
this model, by evaluating (4.15) today, i.e., at z = 0, one gets
Ωm0 = h
2
0 + σ (2α− 1)h2α0 , (6.9)
where h0 := h(z = 0). We note that, since we have taken the Hubble parameter H0 to be the
value associated with the ΛCDM solution, we have hΛ(z = 0) = 1. Let us now consider the
{α, σ} regions for which the weak and strong focusing conditions, as provided in (6.7) and
(6.8) respectively, are satisfied or violated10. Figure 1 contains region plots showing the satis-
faction or violation of the weak and strong focusing conditions in the aforementioned {α, σ}
parameter space. The blue regions indicate where both the weak and strong focusing condi-
tions are satisfied, whereas the orange regions show where only the weak focusing condition
is satisfied. The first panel shows the region plot for the case of a fundamental congruence,
i.e., when C = 0. The second panel shows the region plot for the case where C = 1 and
the third panel shows the region plot associated with the case where C = 104. It is evident
10In this note, all plots are produced using the present-day value, i.e., z = 0.
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from Figure 1 that there exist {α, σ} combinations allowing for the strong focusing condition
to be violated. In addition, Figure 1 illustrates how the satisfaction of the strong focusing
condition changes as the value for C changes, i.e., when considering different four-velocities
of the form given in equation (5.2). As the value for C is increased, the {α, σ} parameter
space area violating the strong focusing condition gets bigger. For all cases considered, the
weak focusing condition remains satisfied. In order to illustrate where in these contour plots
the ΛCDM solution apears, we have plotted it as a single point. Figure 2 shows the profile
plots of equation (6.7) for constant σ values . The first, second and third panels show such
profile plots for the cases C = 0, C = 1 and C = 104 respectively. Analogously, the constant
σ profile plots of equation (6.8) are shown in Figure 3. For the latter scenario, as the value
of C increases, the limiting value of α at which the strong focusing condition is violated gets
higher. Here, we do not give the constant α profiles since these are not as interesting due to
the fact that σ plays a role that is similar to that of a cosmological constant.
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Figure 1. Region plots showing the satisfaction or violation of the weak and strong focusing conditions
for the polynomial cosmological model f = 6H20
(
T¯ + σT¯α
)
. The blue regions indicate where both
the weak and the strong focusing conditions are satisfied whereas the orange regions indicate where
only the weak focusing condition is satisfied. The left, middle and right panels show the region plots
for the cases where C = 0, C = 1 and C = 104 respectively. We note that the weak focusing condition
is satisfied for all values of C considered. In addition, we note that when the value of C is increased,
the parameter space area violating the strong focusing condition is bigger. In these plots, we have
indicated where the ΛCDM solution appears by plotting it as a point.
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Figure 2. σ-constant profile plots of equation (6.7) for the polynomial cosmological model f =
6H20
(
T¯ + σT¯α
)
. The solid blue curves show the σ = 0.9 profiles, the dotted green curves show the
σ = 0.6 profiles and the dashed red curves show the σ = 0.3 profiles. The left, middle and right panels
correspond to C = 0, C = 1 and C = 104 respectively.
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Figure 3. σ-constant profiles of equation (6.8) for the polynomial cosmological model f =
6H20
(
T¯ + σT¯α
)
. The solid blue curves show the σ = 0.9 profiles, the dotted green curves show
the σ = 0.6 profiles and the dashed red curves show the σ = 0.3 profiles. The left, middle and right
panels correspond to C = 0, C = 1 and C = 104 respectively.
6.2 Model 2: f = 6H20
(
T¯ + σ eαT¯
)
The second cosmological model considered is of the exponential form given above [41]. Herein,
we shall restrict our consideration to σ and α values such that (σ, α) ∈ [0, e] × [−1, 0]. We
note that the viability conditions are satisfied in this region. For the exponential cosmological
model given above, equation (4.16) for the case of vanishing pressure reads
dh
dz
=
3
2
h2 + σeαh
2 (
2αh2 − 1)(
h+ σαh eαh2 + 2σα2h3eαh2
)
(1 + z)
. (6.10)
Now, from equation (5.6), the weak focusing condition for the exponential cosmological model
reads
8piρeff
3H20
=
1(
1 + σα eαh2
)[Ωm0 (1 + z)3 + σeαh2 (1− αh2)
− β
2
(1 + z)2
(
4
3
h3 (1 + z)h′σα2eαh
2
+ h2 + σeαh
2
)]
+
β2h2
(1 + z)2
≥ 0 , (6.11)
where we obtain the values for h(z) by solving the differential equation (6.10). In addition,
from equation (5.7), we find that the strong focusing condition for the exponential cosmolog-
ical model reads
4pi (ρeff + 3Peff )
3H20
=
1(
1 + σα eαh2
)[1
2
Ωm0 (1 + z)
3 − σeαh2(1− αh2)− 2 (1 + z)h3h′σα2eαh2
− β
2
(1 + z)2
(
4
3
h3 (1 + z)h′σα2eαh
2
+ h2 + σeαh
2
)]
+
β2h2
(1 + z)2
≥ 0 .
(6.12)
As done for the case of the polynomial model, the energy density parameter Ωm0 depends on
the values of σ and α. More specifically, by evaluating (4.15) at h(z = 0) = h0, Ωm0 yields
Ωm0 = h
2
0 + σe
αh20
(
2αh20 − 1
)
. (6.13)
Analogously to the first model above, the satisfaction or violation of the weak and strong
focusing conditions for this model in the {α, σ} parameter space can be studied using (6.11)
and (6.12) respectively. Thus, Figure 4 shows the region plots of the satisfaction or violation
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of the weak and strong focusing conditions. The blue regions indicate where both the weak
and strong focusing conditions are satisfied. The orange regions indicate where only the
strong focusing condition is violated. There, the first, second and third panels are produced
by considering the cases where C = 0, C = 1 and C = 104 respectively. As observed in
the polynomial model above, when the value of C is increased, the {α, σ} parameter space
where the strong focusing condition is violated increases. Also, for this cosmological model,
the weak focusing condition remains satisfied. Figures 5 and 6 show constant σ profiles of
equations (6.11) and (6.12) respectively. A comment worthwhile to be made concerns the
constant σ profiles in Figure 6. As the value of C increases (from left to right panels) and for
a fixed σ, the left-hand side of equation (6.12) seems to take smaller values which could be
eventually negative. Therefore the strong focusing condition may be violated.
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Figure 4. Region plots showing the satisfaction or violation of the weak and strong focusing conditions
for the exponential cosmological model f = 6H20
(
T¯ + σeαT¯
)
. The blue regions indicate where both
the weak and the strong focusing conditions are satisfied whereas the orange regions indicate where
only the weak focusing condition is satisfied. The left, middle and right panels show the region plots
for the cases of C = 0, C = 1 and where C = 104 respectively. The location of the ΛCDM solution is
plotted as a point. We note that the weak focusing condition is satisfied for all values of C considered.
In addition, we note that when the value of C is increased, the parameter space area violating the
strong focusing condition is bigger.
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Figure 5. σ-constant profiles of equation (6.11) for the exponential cosmological model f =
6H20
(
T¯ + σeαT¯
)
. The solid blue curves show the σ = 0.2 profiles, the dotted green curves show
the σ = 0.14 profiles and the dashed red curves show the σ = 0.07 profiles. The left, middle and right
panels correspond to C = 0, C = 1 and C = 104 respectively.
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Figure 6. σ-constant profiles of equation (6.12) for the exponential cosmological model f =
6H20
(
T¯ + σeαT¯
)
. The solid blue curves show the σ = 0.2 profiles, the dotted green curves show
the σ = 0.14 profiles and the dashed red curves show the σ = 0.07 profiles. The left, middle and right
panels correspond to C = 0, C = 1 and C = 104 respectively.
6.3 Model 3: f = 6H20
(
T¯ + σT¯α tanh
(
1/T¯
))
The third and last cosmological model under consideration is the hyperbolic tangent model
whose f(T ) Lagrangian is given above [42]. We have considered the α and σ parameters lying
in the (σ, α) ∈ [0, 1/2] × [−1, 1] interval for which the f(T ) viability conditions described
previously are satisfied. For this model, equation (4.16) for the case of vanishing pressure
reads
dh
dz
=
3
2(1 + z)
[
h2 + σ (2α− 1)h2α tanh (1/h2)− 2σh2α−2 sech2 (1/h2) ][(h+ σα (2α− 1)
× h2α−1 tanh (1/h2)− σ (4α− 3)h2α−3 sech2 (1/h2)− 4σh2α−5 sech2 (1/h2) tanh (1/h2) )]−1 .
(6.14)
As done for the previous two cosmological models, we solve the above differential equation
and obtain values for h(z) for the various combinations of α and σ values. From equation
(5.6), we find that the weak focusing condition for this cosmological model in the case of dust
reads
8piρeff
3H20
=
[
1 + σαh2α−2 tanh
(
1/h2
)− σh2α−4 sech2 (1/h2) ]−1[Ωm0 (1 + z)3
+ σ (1− α)h2α tanh (1/h2)− σh2α−2 sech2 (1/h2)− 4h′β2
3 (1 + z)
(
σα (α− 1)h2α−1
× tanh (1/h2)− 2σ (α− 1)h2α−3 sech2 (1/h2)− 2σh2α−5 sech2 (1/h2) tanh (1/h2) )+ h2
+ σh2α tanh
(
1/h2
) ]
+
β2h2
(1 + z)2
≥ 0 . (6.15)
– 21 –
In addition, we find that, from equation (5.7), the strong focusing condition for the hyperbolic
tangent cosmological model in the case of dust reads
4pi (ρeff + 3Peff )
3H20
=
[
1 + σαh2α−2 tanh
(
1/h2
)− σh2α−4 sech2 (1/h2) ]−1[1
2
Ωm0 (1 + z)
3
− σ (1− α)h2α tanh (1/h2)+ σh2α−2 sech2 (1/h2)− 2(σα (α− 1)h2α−1 tanh (1/h2)
− 2σ (α− 1)h2α−3 sech2 (1/h2)− 2σh2α−5 sech2 (1/h2) tanh (1/h2) )) (1 + z)h′
− 4h
′β2
3 (1 + z)
(
σα (α− 1)h2α−1 tanh (1/h2)− 2σ (α− 1)h2α−3 sech2 (1/h2)
− 2σh2α−5 sech2 (1/h2) tanh (1/h2) ))+ h2 + σh2α tanh (1/h2) ]+ β2h2
(1 + z)2
≥ 0 . (6.16)
As done for the previous two cosmological models, the energy density parameter Ωm0 depends
upon the cosmological parameters α and σ through equation (4.15) at the present day value
of z = 0. In particular
Ωm0 = h
2
0 + σ (2α− 1)h2α0 tanh
(
1/h20
)− 2σh2α−20 sech2 (1/h20) . (6.17)
Figure 7 contains the region plots showing the satisfaction or violation of the weak and strong
focusing conditions for the hyperbolic tangent cosmological model. The left, middle and right
panels correspond to the choices C = 0, C = 1 and C = 104 respectively. As was noticed for
the previous two cosmological models, the higher the value of C the bigger the area of the
{α, σ} region for which the strong focusing condition is violated. For this cosmological model,
unlike the two previous models, we found that as the value for C increases regions for which
the weak focusing condition is violated arise (see right panel in Figure 7). Figure 8 shows
the constant σ profiles of equation (6.15). In the right panel, which corresponds to C = 104,
there are α and σ combinations resulting in negative values for the effective energy density,
ρeff . This demonstrates that, although the weak focusing condition may be satisfied for the
case of a fundamental congruence (C = 0), there may be values for C for which the weak
focusing condition is not satisfied. Finally, Figure 9 shows constant σ profiles of equation
(6.16). There we see that, as the value of C increases (from left to right panels) and for
a fixed σ, equation (6.16) seems to take smaller values which could be eventually negative.
Therefore the strong focusing condition may be violated.
7 Conclusions
In this note, we studied the weak and strong focusing conditions for a one-parameter de-
pendent congruence of timelike auto-parallels of the Levi-Civita connection in the context of
f(T ) extended theories of teleparallel gravity. By noting that in the context of f(T ) theories
of gravity, test particles follow auto-parallels of the Levi-Civita connection we made use of
the torsion-free Raychadhuri equation in order to determine the inequalities to be satisfied so
such conditions hold. Through the consideration of a spatially-flat Robertson-Walker space-
time, we derived the weak and strong focusing conditions for a one-parameter, C, dependent
congruence of timelike auto-parallels of the Levi-Civita connection. It was also shown that,
in the case of a fundamental congruence, i.e., when C = 0, the obtained focusing conditions
reduced to those previously found in [28] as expected. Once the general expressions were
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Figure 7. Region plots showing the satisfaction or violation of the weak and strong focusing conditions
for the hyperbolic tangent cosmological model f = 6H20
(
T¯ + σT¯α tanh
(
1/T¯
))
. The blue regions
indicate where both the weak and the strong focusing conditions are satisfied whereas the orange
regions indicate where only the weak focusing condition is satisfied. The green region indicates where
both the weak and the strong focusing conditions are violated. The left, middle and right panels
show the region plots for the cases of C = 0, C = 1 and C = 104 respectively. We note that more
regions for which the strong focusing condition is violated arise when the value for C is increased. In
addition, we note that, while the weak focusing condition is satisfied for the case of a fundamental
congruence, regions for which the weak focusing condition is violated arise by increasing the value of
C.
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Figure 8. Constant σ profile plots of equation (6.15) for the hyperbolic tangent cosmological model
f = 6H20
(
T¯ + σT¯α tanh
(
1/T¯
))
. The solid blue curves show the σ = 0.5 profiles, the dotted green
curves show the σ = 0.3 profiles and the dashed red curves show the σ = 0.1 profiles. The left, middle
and right panels correspond to C = 0, C = 1 and C = 104 respectively.
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Figure 9. Constant σ profile plots of equation (6.16) for the hyperbolic tangent cosmological model
f = 6H20
(
T¯ + σT¯α tanh
(
1/T¯
))
. The solid blue curves show the σ = 0.5 profiles, the dotted green
curves show the σ = 0.3 profiles and the dashed red curves show the σ = 0.1 profiles. The left, middle
and right panels correspond to C = 0, C = 1 and C = 104 respectively.
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obtained, we also examined the obtained weak and strong focusing conditions for three viable
bi-parametric f(T ) cosmological models when the only standard fluid present is dust matter.
These cosmological models were of polynomial, exponential and hyperbolic tangent forms.
Thus, results presented in this work are expected to cover a wide phenomenology of more
convoluted f(T ) models. For each cosmological model under consideration, we determined
the Hubble parameter evolution in terms of the redshift using the f(T ) second Friedman
equation, whereas the first one was used to determine the matter density parameter today
as a function of the f(T ) parameters. Once the Hubble parameter had been solved for, the
weak and strong focusing conditions were studied for a redshift value of z = 0. For each
cosmological model considered, region plots were produced for the cases of C = 0, C = 1 and
C = 104. It was found that, for all three cosmological models, the increase in the value for
C resulted in the parameter-space region where the strong focusing condition is violated to
be bigger. It was also found that, for the polynomial and exponential cosmological models,
the weak focusing condition remained satisfied when the value for C was increased. However,
in the case of the hyperbolic tangent model it was found that a sufficient increase in the
value for C eventually resulted in the appearance of parameter-space regions for which the
weak focusing condition is violated. Consequently, for this model this result would imply that
although the weak focusing condition for a fundamental congruence is satisfied, one cannot
conclude that the weak focusing condition would be satisfied for all possible auto-parallel
curves of the Levi-Civita connection, i.e., for all possible values of C.
As a final comment, we wish to make a note on the focusing conditions that arise in the
so-called f(R) and f(Q) theories of gravity. Analyses of the focusing conditions in the context
of f(R) theories can be found in [48, 49]. The authors of [48] reported f(R) models for which
regions exist where the weak focusing condition is violated in addition to regions that allow
for the weak focusing condition to be satisfied. The authors of [49] reported f(R) models for
which the weak as well as the strong focusing conditions can be satisfied or violated. The
authors of [50] studied the focusing conditions in the context of f(Q) theories of gravity. In
[50], the focusing conditions are studied using the present day values for the Hubble and
deceleration parameters. There, f(Q) models were reported where the weak as well as the
strong focusing conditions could be satisfied or violated. In [28], f(T ) models where the weak
focusing condition could be satisfied or violated were reported. There, the authors made use
of the present day values for the Hubble and deceleration parameters. In the present work,
the f(T ) field equations for each considered model were solved and the solution h(z) was
substituted into the focusing conditions. In addition to this, we considered a one-parameter
depend congruence, i.e., a general value for C. For each of the models considered, regions
existed where the weak and strong focusing conditions could be satisfied. For each of these
models, regions for which the strong focusing condition could be violated were found. Lastly,
we note that for a value of C = 104, regions exist for the hyperbolic tangent model where the
weak focusing condition can be violated.
Since all the mentioned modified gravities can describe the same kind of violations of
the energy conditions one could use any of them to describe the accelerated expansion of
the Universe without requiring Dark Energy. The choice of which one is more appropriate
will need to be based on other aspects, such as the absence of ghost modes and instabilities,
gravitational wave constraints, compatibility with fifth force and large scale-structure [49].
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A Appendix: Derivation of the torsion-free Raychaudhuri equation
Let us derive here the Raychaudhuri equation for a smooth congruence of timelike curves
generated by the Levi-Civita connection, D. First, let us introduce the physical quantities
describing the expansion, the shear and the twist for such a congruence. Since the Levi-
Civita connection, D, is nothing more than the affine connection ∇ in the absence of torsion,
we can define the torsion-free expansion,
◦
θ, the torsion-free shear, ◦σαβ , and the torsion-free
twist, ◦ωαβ , for this congruence by replacing ∇ in equations (3.5)-(3.7) by D. Accordingly, the
torsion-free expansion scalar, the torsion-free shear tensor and the torsion-free twist tensor
can be written as
◦
θ = h βα Dβξ
α , (A.1)
◦
σαβ = h
σ
αh
ρ
βD(σξρ) −
1
3
◦
θhαβ , (A.2)
◦
ωαβ = h
σ
αh
ρ
βD[σξρ] , (A.3)
respectively [1, 9]. We now wish to relate the quantities θ, σαβ and ωαβ to the torsion-free
quantities
◦
θ, ◦σαβ and
◦
ωαβ [9]. We do this by making use of the definitions of θ, σαβ and ωαβ
given in equations (3.5), (3.6), and (3.7) respectively. Through the use of these definitions, it
is possible to show that
θ =
◦
θ + h βα K
α
βρξ
ρ =
◦
θ − Tβξβ , (A.4)
σαβ =
◦
σαβ +
1
3
Tρξ
ρhαβ − hσαhρβKµ(σρ)ξµ , (A.5)
ωαβ =
◦
ωαβ − hσαhρβKµ[σρ]ξµ . (A.6)
In order to obtain the torsion-free Raychaudhuri equation for a smooth congruence of timelike
curves generated by the Levi-Civita connection, D, one can simply consider equation (3.13)
and assume there a vanishing torsion tensor, i.e., T ραβ = 0. In such a case, the non-null
torsion quantities θ, σαβ , ωαβ and R˜
ρ
αβσ reduce to the torsion-free counterparts
◦
θ, ◦σαβ ,
◦
ωαβ
and R ραβσ respectively. Accordingly equation (3.13) becomes
d
◦
θ
dλ
= Dα
(
ξβDβξ
α
)
− ◦σαβ ◦σαβ + ◦ωαβ ◦ωαβ − 1
3
◦
θ2 −Rαβξαξβ . (A.7)
In our Riemannian space-time, V4, the above expression can be used to describe a smooth
congruence of timelike geodesics generated by the Levi-Civita connection, i.e., curves satis-
fying ξβDβξα = 0. By considering the tangent vector fields to be hypersurface orthogonal,
we have ◦ωab = 0 and thus, for a smooth congruence of timelike geodesics, equation (A.7)
becomes
d
◦
θ
dτ
= −◦σαβ ◦σαβ − 1
3
◦
θ2 −Rαβξαξβ , (A.8)
where τ is the proper time [1].
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